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Introduction

A FEW passive shunt circuits connected to piezoelectric ceram-
ics can be used to successfully suppress vibrations in struc-

tures.However, the performanceof a passiveshunt circuitoptimally
tuned at some speci� c natural frequency of a base structure will
deteriorate as that frequencychanges. Frequency changes often oc-
cur in structures such as robot manipulatorswith arbitrary payloads
and space structures with deployable antennas. An adaptive shunt
circuit with a multiplier integrated circuit (IC) has been developed
to overcome this problem.

Hagood and von Flotow1 formulated the coupled piezoelectric-
structure equations and found formulas for the optimal param-
eters of the shunt circuit. Aldrich et al.2 used piezoelectric ce-
ramics weighting only 0.5 kg total and passive shunt circuits to
control Advanced Space Structures Technology Research Exper-
iment, a 5-ton structure. They obtained a good control perfor-
mance. Hollkamp3 adopted the synthetic inductance and showed
that the inductance, resistance, and capacitance connected in serial
(L–R–C) network circuit shunted with one piezoelectric ceramic
can suppress multimodal vibrations. Hollkamp and Starchville4

also proposed a self-tuning passive shunting with a motorized po-
tentiometer. They used a direct adaptive control method and a
least-mean-squares technique to adjust the motorized potentiome-
ter. Rew et al.5 proposed the adaptive positive position feedback
method to estimate the natural frequencies in real time and to sup-
press the multimodal vibrations of a frequency-varyingcomposite
plate.

In the present study, the method proposed by Hollkamp and
Starchville4 is improved on, and an adaptive shunt circuit is pro-
posed. First, an equivalent resistance circuit using a multiplier IC
(number AD633) replaces the motorized potentiometer. Second,
a digital signal processing (DSP) board estimates the natural fre-
quency of a composite beam using the recursive least square (RLS)
method5 and computes the command voltage to adjust the adaptive
shunt circuit in real time. The proposedadaptive shunt circuit is rel-
atively simple and economical and consumes less power (600 mW)
than the motorizedpotentiometermethod (5–10 W). The bandwidth
of the proposedcircuit is increasedfrom 100 Hz to 1 MHz. The char-
acteristics of the adaptive shunt circuit are analyzed and observed
experimentally.
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Theory on Passive and Adaptive Shunting
Generally, resonant shunted piezoelectric (RSP) shunting (reso-

nant shunting) is more effective than resistive shunting. RSP shunt-
ing, a form of passive shunting, is discussed in this study.

The nondimensional mechanical impedance of a passive shunt
circuit can be given as1;3
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Tuning by the transfer function (TF) method is introduced here
to maximize the dissipation of the vibration energy1;3:
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ized coupling factor.

We will now discuss adaptive shunting. The con� guration of an
adaptiveshuntcircuit is shown in Fig. 1. The dashedrectangulararea
represents the equivalent inductance.3;4 The multiplier IC gives ad-
justabilityto thecircuit.The resonantfrequencyof this circuitcan be
changed with the command voltage. This is the essence of adaptive
shunting. The multiplier ampli� es the sensing and command volt-
ages and generates an offset voltage.Thus, the current on the upper
R1 is derived. The equivalent resistance Req is given as follows:

Req D Va=i D R1=.1 ¡ 0:1 ¢ Vc/ (3)

Fig. 1 Con� guration of adaptive shunt circuit.
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When the resistance R3 is equal to the resistance R4 , the synthetic
inductancecan be obtained from Eq. (3), as follows:

L eq D .R4=R3/R2C1 Req D R2C1 Req D R2C1[R1=.1 ¡ 0:1 ¢ Vc/]
(4)

Considering ± D !e=!E
n , we can obtain the relation between the

command voltage and the natural frequency of a composite beam
from Eq. (4), as follows:
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Experimental Procedures and Results
A graphite/epoxy compositebeam is manufactured,and the layer

angle of the composite beam is [02=902]s . A band-limited white
disturbance generated from the fast Fourier transform (FFT) ana-
lyzer is fed into the magnetic transducer,and electromagneticforce
excites the beam. The response of the beam is measured using
the laser displacement sensor. The measured signal is fed into the
DSP board, and then the natural frequency is estimated using the
RLS method in real time. The DSP board estimates the natural fre-
quency and computes the command voltage for the adaptive shunt
circuit.

Figure 2 shows the frequency responses of the adaptive shunt
circuit obtained using Eq. (1). The S and T points are monitored
followinga procedurerecommendedin Ref. 1. Using theexperimen-
tal tuning, we obtained the tuned parameters for the passive and the
adaptiveshunting:±p D 1.0094,r p D 0.08966,±a D 1.0089,andra D
0.08966.The subscripts p and a refer to the passiveand the adaptive
shunting, respectively.

The RLS method5 was used to estimate the natural frequency in
real time. F0, F1, and F2, given in Fig. 3, denote the cases without
additionalmass and with one and two additionalmasses at the beam
tip, respectively.The sampling time is 5 ms, which is small enough
to prevent aliasing. The DSP board estimates the natural frequency
and computes the command voltage within the sampling time. The
forgetting factor for the RLS method is set at 0.998, which was
found to provide a good compromise between robustness to noise
and convergence speed.

In eachcase, theestimatednaturalfrequencyconvergesaccurately
to the actual experimental results obtained by the FFT analyzer
using eight ensemble averages, although the experimental results
for frequency estimation are not presented in this Note.

The natural frequencies are 23 and 35% lower in the F1 and
F2 cases than in the F0 case, respectively. The passive shunting
attenuates the vibrations by 21.56, 4.55, and 0.35 dB in the F0, F1,
and F2 cases, respectively,as shown in Fig. 3a. As shown in Fig. 3a,
the control performance of passive shunting is not very high when
the natural frequency of the structure changes.

On the contrary, the adaptive shunting successfully reduces the
vibrations by 22.3, 22.1, and 20.6 dB, as shown in Fig. 3b. The
performance of the adaptive shunting is excellent compared to that
of the passive shunting.

Fig. 2 Tuning characteristics of adaptive shunt circuit.

a) Passive shunting

b) Adaptive shunting

Fig. 3 Vibration control results with passive and adaptive shunting.

Conclusions
To overcome the performance degradation of passive shunting

when the natural frequencyof a structurechanges,adaptiveshunting
using a multiplier IC is proposed and successfully demonstrated.

The experimental results indicate that the adaptive shunt circuit
has the same tuning characteristicsas the passive shunt circuit. The
RLS method is used to estimate the natural frequencyof the beam in
real time. With the estimated natural frequency, the command volt-
ageadjuststheadaptiveshuntcircuitto trackthe frequencyvariation,
and the vibration was reduced by 20 dB with the adaptive shunt-
ing for a 35% change in the natural frequency.On the contrary, the
same frequencychange drasticallydegraded the performanceof the
passive shunting.The proposedadaptive shuntingcan reduce vibra-
tion successfullyin the presenceof changes in the natural frequency
of the base structure.
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I. Introduction

A IRCRAFT that are designed for rapid maneuvering and for
controlled � ight at high angles of attack often experiencea va-

riety of � ight instabilities, that result in nonlinear phenomena, such
as wing rock and spin, or in loss-of-controlproblems, such as yaw
departure. The bifurcationand continuationmethod is the standard
tool in use today for the analysis and prediction of � ight instability
phenomena.The standardbifurcationanalysis(SBA) procedurecan
be used to study any dynamic system of the following form:

Px D f.x; u; p/ (1)

where x is the vector of state variables, u is the control parameter
being varied, and p is the vector of parameterskept � xed. The equa-
tions for rigid aircraft � ight dynamics (see the Appendix) appear as
a set of eight � rst-order differential equations of precisely the form
of Eq. (1), with a typical choice of states, control parameter, and
� xed parameters, as follows:

x D [M; ®; ¯; p; q; r; Á; µ ]; u D ±e; p D [´; ±a; ±r ]

where M is the Mach number, ´ is the throttle as a fraction of max-
imum thrust, and the other variables have their standard meanings.
Thus, the SBA procedurecan be directlyapplied to the aircraft � ight
dynamic equations in the Appendix.When a starting trim condition
.x0; u0; p0/ is given, the SBA procedure uses a continuation algo-
rithm to compute the entire branch of trim states x with varying
values of the control u, but with p0 held � xed. The continuation al-
gorithm also calculates the Jacobian matrix of the dynamic system
Eq. (1) at each trim, which is used to indicate the stability of that
trim. Bifurcation points along the trim branch can be located, and
bifurcatingsolution branches such as limit cycles can be tracked by
the SBA procedure.The SBA procedure has been employed in this
manner to study the onset of � ight instabilities such as wing rock,
spiral divergence, and spin and also to devise recovery strategies
from dif� cult � ight conditions such as spin, to prevent undesirable
phenomenasuch as jump in roll maneuvers, and as an aid to control
law design.1¡4 A detailed introduction to the SBA procedure has
been provided by Goman et al.5

The different trims along a branch computed by the SBA proce-
dure do not, in general, share a common value of a state variable
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such as angle of attack or Mach number. For example, when the
SBA procedure is started with a level � ight trim and the elevator is
used as the control, it is seen that other computed trims along the
branch do not correspond to level � ight. However, there are several
reasons for desiring the bifurcation analysis procedure to be able
to constrain one or more states to their values at the starting point.
A bifurcation analysis procedure that can account for state variable
constraints could be used to evaluate aircraft performance parame-
ters such as the maximum roll rate in zero-sideslip roll maneuvers,
or the maximum turn rate in a level turn. The ability to generate suc-
cessive trim states, all satisfying a common level � ight condition,
would be a useful input to control law design. Also, a bifurcation
analysis that can handle state constraints may be expected to show
results that correlate better with � ight tests because it can be used
to reproduce maneuvers � own by pilots. A constrained bifurcation
analysis (CBA) procedure was � rst used by Ananthkrishnan and
Sudhakar6 to study roll maneuvers with a zero-sideslip constraint,
followed by a study of velocity vector roll maneuvers by Modi and
Ananthkrishnan.7 The CBA procedure and its application to level
� ight maneuvers has been described in a recent paper by Pashilkar
and Pradeep.8 The CBA procedurerequires the constraintequations
to be appended to the equationsfor the aircraft dynamics, giving an
augmented set of state plus constraint equations, as follows:

Px D f.x; u; p/; y D g.x/ D 0 (2)

where g is an m-dimensional vector function that represents the
constraints.Let x have dimension n. Then, to use a continuational-
gorithmwith the set of .n C m/ equationsin Eq. (2), it is necessaryto
have .n C m C 1/ variables or unknowns. Clearly, the additional m
variables must be obtained from the parameter vector p. Therefore,
as many elements of p are freed as there are constraint equations
in the augmented set, so that the CBA problem is well posed. A
continuationalgorithmis then used to compute the trim states along
with the values of the freed parameters as a function of the control
u. All such computed trims naturally satisfy the imposed constraint,
and the computed values of the freed parameters indicate how they
should be varied in practice with the control u, to achieve the de-
manded constraints.

However, the CBA procedure is unsatisfactory in two respects.
First, the CBA procedure with the augmented set of equations in
Eq. (2) does not provide correct information about the stability of
the trim points. This is because present continuation algorithms in-
ternally compute the Jacobian of the augmented set of equations,
where they regard the constraintequationsat par with the state equa-
tions. The eigenvaluescomputed from the augmented Jacobianma-
trix do not correctlyre� ect the stabilityof the constrainedtrim state.
This may be regarded more as a limitation of the continuation soft-
ware than a shortcomingof the CBA procedure.However, previous
attempts to overcome this problem required either numerical sim-
ulations or extraction and separate computation of the appropriate
submatrixof the Jacobianmatrix at each trim point, both procedures
being tedious and inef� cient. Second, as part of the CBA procedure,
it is of interest to identify possible departures from the constrained
� ight condition, which may be expected when the constrained trim
states lose stability. The CBA procedure, however, cannot compute
solutions that depart from the constraints because the analysis al-
ways includes the constraint equations. Informally speaking, in the
CBA procedure, the constraints are always on, hence, only trims
that obey the constraints are computed. Thus, previous attempts at
carrying out bifurcationanalysis in the presenceof constraintshave
been hamperedby the inabilityof the CBA procedure to extract sta-
bility information from the continuation algorithm and its inability
to trace departures from the constrained trim states.

In this Note, we propose a new method called the extendedbifur-
cation and continuationprocedure that overcomes these drawbacks
of the CBA procedure. The extended bifurcation analysis (EBA)
procedure, in the presence of state variable constraints, computes
trim points satisfying the constraints along with their correct sta-
bility and tracks departures from the constrained � ight at points
where the trim states lose stability. Thus, it becomes possible to
generate complete bifurcationdiagrams for the aircraft dynamics in
constrained� ight maneuversusing the EBA procedure.In the restof


